Chaotic Motion of Charged Particles around a Weakly Magnetized
  Kerr-Newman Black Hole by Liu, Chen-Yu
Chaotic Motion of Charged Particles around a Weakly
Magnetized Kerr-Newman Black Hole
Chen-Yu Liu∗
Department of Physics, National Dong Hwa University, Hualien, Taiwan, R.O.C.
(Dated: June 27, 2018)
Abstract
In this paper, we consider a charged particle moves around a Weakly Magnetized Kerr-Newman
black hole. We first study its circular motion with a detailed analysis in the innermost stable
circular orbits(ISCO). Then the dynamics of a particle, kicked out from the circular orbit, is also
explored. The final states can be characterized into three different types: bound motion, captured
by black hole or escape to spatial infinity. The respective trajectories are shown, and are mainly
determined by the energy of a particle after a kick and the initial condition, in which we use Basins
of attraction to represent the relation between different initial condition and final states.
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I. INTRODUCTION
Black hole plays an important role in the formation of galaxies [1],they transfer potential
energy of accretion disk to radiate energy [2].Recent result of observation show that the
energy of the jet is proportional to black hole spin, which match Blandford-Znajek pro-
cess [3, 4]. Systems as rotating black hole and accretion disk around it have some simplified
researches, their main work is analysis the relation between black hole spin and I.S.C.O. of
charged particle, the result is the same/different direction of rotating black hole and orbiting
particle will lead to smaller/larger ISCO radius. Then give a kick on the particle initially in
ISCO and see how initial conditions such as initial position of particle and the energy of the
kick affect final states of particle by numerical method. In real case, kick energy may come
from another particle or photon [5, 6]. Similar research in Schwarzschild black hole back-
ground is also explored [8]. Observation gives no evidence of the existence of charged black
hole, one consider that a charged black hole will neutralized by plasma around it [9].Before
the neutralization, there are some theoretical research describe how black hole charge affect
the ISCO of the neutral/charged particle around it [10, 11]. Early days about the charged
rotating black hole has born, we can describe it by Kerr-Newman metric. Equatorial plane
of a neutral particle around it has researched by [12], when we give particle a kick like [5, 6],
how initial conditions affect the final state will be explored in this paper.
II. CIRCULAR MOTION OF A CHARGED PARTICLE AROUND KERR NEW-
MAN BLACK HOLE
The black hole geometry with a gravitational mass M , charge Q, and angular momentum
per unit mass a = J/M is described by Kerr-Newman metric:
ds2 = gµνdx
µdxν
= −
(
∆− a2 sin2 θ)
Σ
dt2 +
a sin2 θ (Q2 − 2Mr)
Σ
(dtdφ+ dφdt)
+
Σ
∆
dr2 + Σ dθ2 +
sin2 θ
Σ
(
(r2 + a2)2 − a2∆ sin2 θ) dφ2 , (1)
where
Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 +Q2 − 2Mr . (2)
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and electromagnetic potential
A = Aνdx
ν =
Qr
Σ
dt+
−Qar sin2 θ
Σ
dφ (3)
The Hamiltonian of a particle with charge q is given by
H =
1
2
gµν(pµ + qAµ)(pν + qAν) (4)
where pµ is the generalized four-momentum. Here Aµ is the four-vector potential of the test
particle. For a Kerr-Newman black hole with metric (1), the t and φ coordinates are cyclic
that lead to two conserved quantities, namely energy and azimuthal angular momentum,
with the corresponding Noether symmetry generators ξµ(t) and ξ
µ
(φ), expressed as
ξµ(t) = δ
µ
t , ξ
µ
(φ) = δ
µ
φ . (5)
Thus, the associated conserved energy ε and an azimuthal angular momentum ` per unit
mass for the motion of a neutral particle can be constructed as
ε = −pµξµ(t)/m , ` = pµξµ(φ)/m , (6)
which can be realized from the effective potential to be defined later when r → ∞. Using
these two constants of motion, we can find ut and uφ given by
t˙ = ε− (Q
2 − 2Mr)((a2 + r2)ε− a`) + bQr(a2 + r2)
∆Σ
, (7)
φ˙ =
−a((Q2 − 2Mr)ε+ a`+ bQr)
∆Σ
+
`
Σ sin2 θ
(8)
Where b = q/m, the over dot means the derivative with respect to the proper time τ . We
will discuss two different kinds of Carter constant due to different purpose. With Carter
constant chosen to be
κ? = uµuνK
µν (9)
where
Kµν = ∆[kµjν − kνjµ] + r2gµν , (10)
jµ =
1
∆
[(r2 + a2)δµt + ∆δ
µ
r + aδ
µ
φ ] , (11)
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kµ =
1
∆
[(r2 + a2)δµt −∆δµr + aδµφ ] (12)
We found the equation of θ-motion
Σ2θ˙2 = κ? − a2 cos2 θ − (aε sin θ − `
sin θ
)2 (13)
Using the fact uµuµ = −1, we got equation of r-motion
Σ2r˙ = [(r2 + a2)ε− a`− bQr]2 −∆[r2 + κ?] ≡ R(r)? (14)
We than use circular motion condition R(r)? = R′(r)? = 0 to obtain the corresponding
energy and angular momentum analytically
`?(r) =
r[κ?(2Q2 − 3Mr) + (κ? +Q2 −Mr)r2 − a4] + a2[κ?(M + r)− r(Q3 − 3Mr + r2)]
2ar
√
κ? + r2
√
∆
+
bQ
2ar
(a2 − r2)
(15)
ε?(r) =
bQ
2r
+
κ?(r −M) + r(a2 +Q2 − 3Mr + 2r2)
2r
√
κ? + r2
√
∆
(16)
plug `?(r) and ε?(r) into R′′(r)? = 0, we got the equation of rISCO.
6rISCO(M−bQε?(r))+(6r2ISCO+a2)(ε?(r)2−1)+(aε?(r)−`?(r))2+Q2(b2−1)−(`?(r)2+κ?) = 0
(17)
this is useful when κ? is arbitrary [18] .
It is possible to choose different Carter constant while the modified term is combination
of ε and `. In our case, it is more convenient to choose Carter constant as
κ† = uµuνKµν − (aε− `)2 (18)
the equation of θ-motion here is
Σ2θ˙2 = κ† + (`− aε)2 − a2 cos2 θ − (aε sin θ − `
sin θ
)2 (19)
and for r-motion
Σ2r˙ = [(r2 + a2)ε− a`− bQr]2 −∆[r2 + κ† + (`− aε)2] ≡ R(r) (20)
4
Now we consider a particle orbits a rotating black hole in the equatorial plane by choosing
θ = pi
2
, θ˙ = 0, we found that κ† = 0.
R(r) = [(r2 + a2)ε− a`− bQr]2 −∆[r2 + (`− aε)2] (21)
The equation (21) allows us to define the effective potential Veff by requiring
1
2
r˙2 + Veff (r, α) =
ε2 − 1
2
(22)
where α denotes a collection of the parameters of the Kerr-Newman black hole and the test
charged particle, namely α = (M,Q, a, ε, `, b)
Veff (r, α) =
−M + bQε
r
+
a2 − (b2 − 1)Q2 + 2`(`+ aε)
2r2
−(`− aε)(2M(`− aε) + abQ)
r3
+
(a2 + 2Q2)(`− aε)2
r4
(23)
Innermost stable circular orbit of a particle is purely a relativity effect, since eq.( 23) has
modification due to relativity. By solving R(r) = R′(r) = 0 we got corresponding energy and
angular momentum in stable circular orbit, it is difficult to solve it analytically in general,
but in some limitation, it is possible to find them in simple steps. For small bQ, (bQ)2 ≈ 0,
we got the analytical expression of ε(r) and `(r)
ε(r) = ε(r)Neutral + γ(r)bQ (24)
`(r) = `(r)Neutral + δ(r)bQ (25)
where
ε(r)Neutral =
∆ + a(
√
Mr −Q2 − a)
r
√
2Q2 + r(r − 3M) + 2a(Mr −Q2)1/2 , (26)
`(r)Neutral =
a(Q2 − 2Mr) + (a2 + r2)√Mr −Q2
r
√
2Q2 + r(r − 3M) + 2a(Mr −Q2)1/2 , (27)
γ(r) =
−4a(Q2 −Mr) +√−Q2 +Mr(3Q2 + r(r − 4M)− a2)
2r[−2a(Q2 −Mr) +√−Q2 −Mr(2Q2 + r(r − 3M))] , (28)
δ(r) = −
√−Q2 +Mr[−a(3Q2 + r(r − 4M)− a2)] + a2[4Q2 + r(r − 4M)] + r2[∆− a2]
2r[−2a(Q2 −Mr) +√−Q2 −Mr(2Q2 + r(r − 3M))]
(29)
ε(r)Neutral and `(r)Neutral are solved in our previous work. Plug ε(r) and `(r) into R′′(r) =
0 we got the equation of rISCO in small bQ limit.
(6r2ISCO + a
2)(ε(r)2 − 1) + 6rISCO(M − bQε(r))− `(r)2 −Q2 = 0 (30)
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Since we have known the equation of rISCO in case of neutral particle, it is interesting to see
the modified term in rISCO while we make the particle weakly charged. that is,
rISCO = rIN + Λ(rIN)bQ (31)
where rIN satisfies
(6r2IN + a
2)(εNeutral(rIN)
2 − 1) + 6MrIN − `Neutral(rIN)2 −Q2 = 0 (32)
and the modified term Λ(rIN)
Λ(rIN) =
ΓΩ(4Q2ψ + rIN(M(−3a3 + 77aQ2 + γ(22a2 − 42Q2)) + ΠrIN))
Υ(4aMQ2(a2 − 2aΓ−Q2) + ΨrIN +MΞr2IN + (6Γ− 7a)M2rIN3 − ΓMr4IN)
,
(33)
Γ =
√
−Q2 +MrIN , (34)
Ω = (2(aΓ +Q2) + rIN(rIN − 3M))3/2 , (35)
ψ = a(a2 − 7Q2) + (3Q2 − 5a2)Γ , (36)
Π = −a(50M2 + 20Q2) + Γ(−3a2 + 36M2 + 17Q2 + 5r2IN) + 7MrIN(3a− 4Γ) , (37)
Ψ = a(−8Q4 + 3M2(3Q2 − a2)) + (8a2M2 − 4(a2 − 1)Q2)Γ , (38)
Υ = 2Q2(Γ− a) + rIN(2aM + (rIN − 3M)Γ) , (39)
Ξ = −6aM2 + 16aQ2 + 3(a2 − 3Q2)Γ (40)
In general, we solve R(r) = R(r)′ = R(r)′′ = 0 for rISCO numerically. Corresponding
result are shown in Fig. 2 and Fig. 1. In both Fig. 1 and Fig. 2, we see that there are two
different behavior of the dependence of the radius of the rISCO when |b| is sufficiently larger
than a critical number |bc|. We can solve for the value of |bc| from the fact that the value of
rISCO(bc)|Q=0 is same as rISCO(bc)|Q=√M2−a2
rISCO(bc)|Q=0 = rISCO(bc)|Q=√M2−a2 (41)
or
r? = r† (42)
Left hand side of eq.(41) is the rISCO of neutral particle around a Kerr black hole. Which
is the root of
6Mr? − r?2 + 3a2 − 8a
√
Mr? = 0 (43)
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Right hand side of eq.(41) satisfies
(a2 −M2)b2c + 6εr†
√
M2 − a2bc +M2 + `2 − a2ε2 − 6r†[M + r†(ε2 − 1)] = 0 (44)
Where ε and ` can be obtained by solving R(r) = R′(r) = 0. After substituting eq.(43) into
eq.(44), we got the analytic expression of bc.
bc =
−χ±√χ2 − 4ηι
2η
(45)
in which
χ = 6εr?
√
M2 − a2 , (46)
η = a2 −M2 , (47)
ι = M2 + `2 − a2ε2 − 6r?[M + r?(ε2 − 1)] (48)
Since |b| > |bc|, the attracting force between black hole and particle is sufficiently large that
makes the unstable region of the effective potential larger, which makes rISCO proportional
to black hole charge Q. Fig. 3 shows the dependence of the critical charge bc with black
hole’s angular momentum.
In Fig. 2, bQ > 0, ISCO radius was pushed to infinity when bQ > M
ε
, this makes the first
term in eq.(23) change its sign, which makes the repulsive force larger than any other effect.
III. CONDITION FOR ESCAPE FROM A CIRCULAR ORBIT
A particle at a stable circular orbit of radius ro has the four-velocity
u˜ν = (−εo, 0, 0, `o) (49)
To reduce the complexity of the problem we will consider a kick that gives the particle polar
velocity vk = −roθ˙k without changing `o. The space of initial condition is therefore two-
dimensional:{ro, θ˙k}.We can express the dependence of ε on θ˙k using normalization condition
uµuµ = −1 without neglecting uθ :
ε =
1
r4o + a
2(r2o + 2Mro −Q2)
[`oa(2Mro −Q2) + bQro(r2o + a2)
+ro∆
1/2
o
√
[r4o + a
2(r2o + 2Mro −Q2)](1 + r2o θ˙k
2
) + (ro`o − abQ)2 ]
(50)
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FIG. 1: The dependence of the radius of the ISCO. rISCO with black hole’s angular momentum per
unit mass aM = 0.2(left), 0.6(right) and varing charge per unit mass
Q
M . Left: Charge of particle
b = −0.1 (blue), −3.71815(red, critical charge), −10 (green), right: b = −0.1 (blue), −5.92 (red,
critical charge), −15(green)
where ∆o = ∆|r=ro . The root for ε corresponding to future-directed four-velocity was
selected. To study the particle’s behavior after the kick, it is more appropriate to recon-
struct (20) as
Σ2r˙2 = (r4 + a2(r2 + 2Mr −Q2))(ε− V+)(ε− V−) (51)
where
V± =
1
r4 + a2(r2 + 2Mr −Q2) [`a(2Mr −Q
2) + bQr(r2 + a2)
±∆1/2
√
[r4 + a2(r2 + 2Mr −Q2)](r2 + κ†) + r2(r`− abQ)2 ] ,
(52)
κ = r4o θ˙k
2
(53)
V+(r) will be consider for future-directed four-velocity vector. In order to determine the
escape conditions we need to inspect V+(r) to figure out how the particle moves after getting
kicked. Far away from the black hole, V+(r) becomes unity.
lim
r→∞
V+(r) = 1 (54)
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FIG. 2: The dependence of the radius of the ISCO. rISCO with black hole’s angular momentum per
unit mass aM = 0.2(left), 0.6(right) and varing charge per unit mass
Q
M . Left: Charge of particle
b = 0.5 (blue), 1.02062(black, critical charge), 1.085(red),1.5 (green), right: b = 0.5 (blue), 1.25
(black, critical charge), 1.6(red),2(green)
FIG. 3: The dependence of the critical charge bc with black hole’s angular momentum per unit
mass aM when Q =
√
M2 − a2
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FIG. 4: |θ˙c|(blue) and | ˙θε=1| vs ro for a = 0.8M , Q = 0.3M and b = 0.2
Trivially, the particle must be energetically unbound (ε ≥ 1) to be able to escape. The value
of θ˙k at which the particle become energetically unbound is designated as θ˙ε=1. We use (50)
to express it as
|θ˙ε=1| = [(a− `)[2r(a(M − bQ)− `M)− (a− `)Q
2] + r2[2r(M − bQ)− `− (b2 − 1)Q2]
r4∆
]1/2
(55)
We will assume that the trivial condition |θ˙k| ≥ |θ˙ε=1| is always satisfied. When |θ˙k| 
|θ˙ε=1|, the particle oscillates slightly around the initial orbit. The energetic freedom is not
sufficient for the particle to escape when a > 0, Q > 0, in general. Depending on the black
hole’s parameters and particle’s initial conditions, the particle may accelerate both away or
toward the black hole. V+(r) has only one maximum. The particle will therefore experience
only one radial turning point. Hence, the sign of the radial acceleration just after the kick
r¨(ro) determines whether the particle escapes or gets captured. Using (51) we write an
expression for r¨(r) as
r¨(r) = −r
4 + a2(r2 + 2Mr −Q2)
2r4
(ε− V−(r))V ′+(r) (56)
Therefore, r¨(ro) ∝ −V ′+(ro) since ε > V−(ro). Fig. 5 shows an example of capture, bound
motion and escape. Careful analysis of V ′+(ro) reveals that there are several distinct regions
where the kicked particle accelerates in specific way.
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FIG. 5: How charged particle affects phase with a = 0.96M , Q = 0.2M .
In contrast to our previous work, a neutral particle around Kerr-Newman black hole, a
charged particle is introduced. The phase diagram in Fig. 4 may affected by the charge of
particle. We show the behavior of ”charged particle effect” in Fig. 5.
IV. DYNAMICS
The dynamics of a charged particle of mass m, charge q in curved spacetime is governed
by the equation
muν∇νuµ = qF µν uν (57)
The radial motion and the polar motion are obtained by solving the equation of mo-
tion (57)
r¨ =
1
∆Σ
(∆2rθ˙2 + a2∆ sin 2θr˙θ˙) +
XY
∆Σ5
(aZ sin2 θ − Y
4
) +
GZ2
∆Σ5
sin4 θ + f1b
1 + f2b
2 , (58)
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FIG. 6: Escape trajectory of a charged particle kicked from circular orbit and its projection on
(x, z) and (x, y) plane. Where Q/M = 0.2, a/M = 0.96, ro/M = 1.8,Mθ˙k = 0.37.
FIG. 7: Captured trajectory of final states of a charged particle kicked from circular orbit and its
projection on (x, z) and (x, y) plane. Where Q/M = 0.2, a/M = 0.96, ro/M = 1.8,Mθ˙k = 0.3.
θ¨ =
JY
∆2Σ5
−2r
Σ
r˙θ˙+
HZ2
∆2Σ5
cos θ sin5 θ+
a2 sin 2θ
8∆2Σ5
(Y 2(Q2+2Mr)+4∆Σ4(∆θ˙2−r˙2))+y1b1+y2b2
(59)
where X, Y, Z, P,G, J,H, f1, f2, y1, y2 is in Appendix. We solved (58), (59) numerically. The
final states of the particle can be characterized into three different types: bound motion,
captured by black hole or escape to spatial infinity, corresponding trajectories has shown in
Fig. 6, 7, 8.
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FIG. 8: Bound motion trajectory of final states of a charged particle kicked from circular orbit and
its projection on (x, z) and (x, y) plane. Where Q/M = 0.2, a/M = 0.96, ro/M = 1.8,Mθ˙k = 0.1.
V. WEAKLY MAGNETIZED KERR-NEWMAN BLACK HOLES
In this chapter, we consider the black hole is surrounded by an uniform weak magnetic
field. The weak field approximation breaks down when the magnetic field creates curvature
comparable to that made by black hole’s mass, or
B2 ∼M−2 (60)
In conventional unit, the Wald approximation fails when
B ∼ k
1/2c3
G3/2M
∼ 1049 1
M
(Gauss) ∼ 1026 1
M
(meter−1) (61)
Where k is the Coulomb constant. B ∼ 1019Gauss ∼ 10−4meter−1 for a solar mass black
hole. We set our maximum of B to 10−1, means black hole mass in our case is in the scale
of 1027kg, which might be a primordial black hole(10−8kg ∼ 1033kg). The energy loss due
to synchrotron radiation can be chosen to very small while we have the degree of freedom
of particle charge-mass ratio b [7]. A charged particle moves around a weakly magnetized
black hole has the electromagnetic potential given by
Aµ = (Φ0 − Φ3ω, 0, 0,Φ3) (62)
Φ0, Φ3 and ω can be found at eq.(B.15) and eq.(B.17) in [19], we take the maximum order
of B in Φ0 and Φ3 to 1 in this paper since we set our magnetic field to be very small, which
including contribution of black hole and external field. So we have conserved quantities due
to Killing vectors
ε = −(g00t˙2 + g30φ˙− bA0) (63)
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` = g33φ˙+ g03t˙− bA3 (64)
Using normalization condition uµuµ = −1 and constrain particle in θ = pi/2 plane, θ˙ = 0,
we got
t˙ =
A0bg33 − A3bg30 − g30`− g33ε
g03g30 − g00g33 (65)
φ˙ =
A3bg00 − A0bg33 + g00`+ g03ε
g03g30 − g00g33 (66)
r˙2 =
−1
g11
(1 + g00t˙
2 + g33φ˙
2 + 2g30φ˙t˙) ≡ RM
r4
(67)
and
RM = Rc + bB{`[a2(r2 −Q2) + r2(∆− a2)]
+aQ[a2(br +Qε) + r[b(2Q2 + r(r − 2M)) +Qrε]]}
(68)
Rc is eq.(21). With circular motion condition RM = R
′
M = 0 and ISCO condition
RM = R
′
M = R
′′
M = 0, we solve eq. (67) numerically shown in Fig. 10. Out-going Lorentz
force corresponding to anti-Larmor motion and in-going Lorentz force corresponding to Lar-
mor motion. Using eq.(23) we obtain the effective potential with external magnetic field
modification.
V Meff (r) =
−M + bQε
r
+
`2 + a2(1− ε2) +Q2(1− b2)
2r2
+
(`− aε)(M(`− aε) + abQ)
r3
+
Q2(`− aε)2
2r4
+
Bb
2
[−`+ 2`M + abQ
r
− `(a
2 +Q2) + aQ(2bM +Qε)
r2
+
abQ(a2 + aQ2)
r3
+
a2Q2(`− aε)
r4
]
(69)
and energy-independent potential V M+
V M+ (r) = V0 +
B(V10 + V11)
2(a2(Q2 − r(2M + r))− r4) (70)
Where
Vs = r
3∆1/2
√
a2Q2(b2 − 1) + 2ar(aM + b`Q) + (a2 + `2 + r2)r2 (71)
Vs1 =
√
2ab`Qr + r2(`2 + r2) + a2[(b2 − 1)Q2 + r(2M + r)] (72)
Vg = aQ{r2[8`2 + (8 + b2)r2] + a2[(−8 + 6b2)Q2 + r(8 + b2)(2M + r)]} (73)
V0 =
−r2(bQr(a2 + r2) + a`(Q2 − 2Mr)) + Vs
r6 + a2r2(−Q2 + r(2M + r)) (74)
V10 = −8aQbQr
3(a2 + r2) + a`r2(Q2 − 2Mr)− Vs
r3
(75)
V11 = aQ[7bQ(a
2 + r2) + 8a`(
Q2
r
− 2M)]− ∆
1/2
Vs1
{br`[r4 + a2(14Q2 + r(2M + r))] +Vg} (76)
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FIG. 9: VM+ (r) with different B and fixed Q/M = 0.4, a/M = 0.9, b = −1, ` = 1.968, ε = 0.918
and we found that
lim
r→∞
V M+ (r) = 1 +
bB`
2
(77)
Fig. 9 shows how magnetic field B affects V M+ (r). The barrier become smaller when B is
increased, and this lead to the decreasing value of the ISCO while B is increased.
VI. FINAL STATES DISCUSSION
Since the equation of motion is non-integrable in general, to determine the final states
analytically is not possible, with magnetic vector potential eq.(62) substitute in eq.(57), we
solve the dynamic equations numerically. Fig. 11,12,13,14,15 show some typical trajectories.
An attractor of a dynamical system is a sub set of the set of all possible states of the
system which an orbit with certain initial conditions approaches asymptotically. The set of
initial conditions which leads to an attractor is its basin of attraction. We set four final state
with corresponding color: Escape: blue, Escape(back scattering): dark blue, Captured: red,
Bound motion: pale yellow. With 2-dimension initial condition space {ro, ε}, we construct
basin of attraction. Resolution is 300 ∗ 300 in each diagram, Fig. 16 shows chaotic behavior
when an external magnetic field is introduced. Fig. 17 shows the dependence of angular
momentum of black hole with fixed charge of black hole and particle in case of Larmor
motion, Fig. 18 shows the dependence of charge of black hole with fixed angular momentum
15
FIG. 10: ISCO radius dependence on B for different values of particle charge b in the case of a/M =
0.9, Q/M = 0.4. (a):` > 0, b = −30(green), −102(red), −106 (blue), (b):` < 0, b = −1(green),
−2.75(red), −3(blue). (c):` > 0, b = 30(green), 102(red), 106(blue). (d):` < 0, b = 1(green),
5(red), 10(blue).
of black hole and charge of particle in case of Larmor motion, Fig. 19 shows the dependence
of angular momentum of black hole with fixed charge of black hole and particle in case of
anti-Larmor motion, Fig. 20 shows the dependence of charge of black hole with fixed angular
momentum of black hole and charge of particle in case of anti-Larmor motion.
We use the fractal dimension Do of the basin boundary as a measurement of chaos. Using
16
FIG. 11: Escape trajectory of a charged particle kicked from circular orbit and its projection on
(x, z) and (x, y) plane. Where Q/M = 0.4, a/M = 0.9, ro/M = 5,Mθ˙k = 0.065,MB = 0.03, b =
−1.
FIG. 12: Escape trajectory (back scattering) of a charged particle kicked from circular orbit and its
projection on (x, z) and (x, y) plane. Where Q/M = 0.4, a/M = 0.9, ro/M = 5,Mθ˙k = 0.06,MB =
0.03, b = −1.
box-counting method one can obtain the box-counting dimension Dc
Dc = lim
→0
lnN()
ln 1/
(78)
for non-fractal geometrical set Dc is an integer, if one obtain a number between integer and
integer, that indicating the set is a fractal, in this case, we say the box-counting dimension
Dc the fractal dimension Do. Fig. 21 is a measurement of chaos of Fig. 17 and 18, we can see
that in case of Larmor motion, Do is nearly a constant when increasing a/M and proportional
to (Q/M)−1 since the structure of bound motion and captured regions is contracted closer
to event horizon while increasing Q/M , makes the structure simpler compared to small
17
FIG. 13: Bound trajectory of a charged particle kicked from circular orbit and its projection on
(x, z) and (x, y) plane. Where Q/M = 0.4, a/M = 0.9, ro/M = 5,Mθ˙k = 0.03,MB = 0.03, b = −1.
FIG. 14: Bound trajectory of a charged particle kicked from circular orbit and its projection on
(x, z) and (x, y) plane. Where Q/M = 0.4, a/M = 0.9, ro/M = 4,Mθ˙k = 0.09,MB = 0.03, b = −1.
FIG. 15: Captured trajectory of a charged particle kicked from circular orbit and its projection on
(x, z) and (x, y) plane. Where Q/M = 0.4, a/M = 0.9, ro/M = 2.5,Mθ˙k = 0.29,MB = 0.03, b =
−1.
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FIG. 16: Chaotic behavior of basin of attraction of a charged particle kicked from circular
orbit with and without an uniform magnetic field. Where Q/M = 0.4, a/M = 0.9,MB =
0(left), 0.03(right), b = −1.
FIG. 17: Basin of attraction of a charged particle kicked from circular orbit immersed in an
uniform magnetic field. Where ` > 0(Larmor motion),Q/M = 0.4, MB = 0.03, b = −1, a/M =
(a)0.15(b)0.3(c)0.45(d)0.6(e)0.75(f)0.9.
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FIG. 18: Basin of attraction of a charged particle kicked from circular orbit immersed in an
uniform magnetic field. Where ` > 0(Larmor motion),a/M = 0.4, MB = 0.03, b = −1, Q/M =
(a)0.15(b)0.3(c)0.45(d)0.6(e)0.75(f)0.9.
FIG. 19: Basin of attraction of a charged particle kicked from circular orbit immersed in an
uniform magnetic field. Where ` < 0(anti-Larmor motion),Q/M = 0.1, MB = 0.01, b = −0.1,
a/M = (a)0.15(b)0.3(c)0.45(d)0.6(e)0.75(f)0.9.
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FIG. 20: Basin of attraction of a charged particle kicked from circular orbit immersed in an
uniform magnetic field. Where ` < 0(anti-Larmor motion),a/M = 0.2, MB = 0.01, b = −0.1,
Q/M = (a)0.15(b)0.3(c)0.45(d)0.6(e)0.75(f)0.9.
Q/M . While Fig. 22 is a measurement of chaos of Fig. 19 and 20, which is anti-Laromor
motion cases, Do decrease with increasing a/M and proportional to Q/M since the phase
structure is away from and closer to event horizon. Different from Larmor motion cases, the
phase structure roughly remain the same except for the complex region containing escape
and capture trajectories. Consequently makes the different behavior of Do while increasing
Q/M in Larmor motion and anti-Larmor motion cases.
VII. APPENDIX
X = r(Q2 +Mr)− a2M cos2 θ , (79)
Y = 2a`(Q2 − 2Mr) + a4ε+ 2r4ε+ a2ε(2Mr + 3r2 −Q2) + a2∆ε cos 2θ , (80)
Z = a(a`+ ε(Q2 − 2Mr))− `∆ csc2 θ , (81)
P = r(a2 +Q2 −Mr) + a2(M − r) cos2 θ , (82)
G = a4(M − r) cos2 θ + r(a2(a2 +Q2 −Mr) + 2a2(a2 + r2) cot2 θ + (r4 − a4) csc2 θ) , (83)
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FIG. 21: Fractal dimension dependence on a/M and Q/M in case of Larmor motion. Left: Q/M =
0.4, right: a/M = 0.4
FIG. 22: Fractal dimension dependence on a/M and Q/M in case of anti-Larmor motion. Left:
Q/M = 0.1, right: a/M = 0.2
J
16a(a2 + r2) cot θ(Q2 − 2Mr) = 2`(∆−a
2)+a2`−aε(Q2−2Mr)+a cos 2θ(a`+ε(Q2−2Mr)) ,
(84)
H = −a4∆ + r2(a2 + r2)2 csc4 θ + a2 csc2 θ(a4 − r2(−4Mr + 2Q2 + r2))
+ cot2 θ(a2(a2 + r2)2 csc2 θ − 2a4∆)
(85)
f1 =
2r2Q(a`− (a2 + r2)ε)
Σ3
+
4Q3r2(Q2 − 2Mr)(a2 + r2)(a`− (a2 + r2)ε)
∆Σ5
−a`(a
2 +Q2 + r(3r − 4M))− (a2(Q2 + 2r(r − 2M) + a2) + r2(r2 −Q2))ε
∆Σ2
+
4Q3r2(a2 + r2)ε
Σ4
(86)
f2 =
Q2r(−2Q2r2(a2 + r2)2 + 3r2∆Σ2 − Σ3(r(M + r) + ∆))
∆Σ5
(87)
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16∆2Σ5
aQr
y1 = −64`∆2Σ2 cot θ + sin 2θ$ + a5∆ sin 6θ(a`+ (Q2 − 2Mr)ε)
+4a3∆ sin 4θ(a3`+ 2a`r2 − 4Mr3ε− a2ε(Q2 + 2Mr))
(88)
y2 =
(aQr)2 cos θ sin θ(2Q2 + (a2 + r2)2 + ∆Σ2)
∆2Σ2
(89)
$ = 5a8`+ 16a2`r2(−2Q4 + r3(r − 2M) +Q2r(4M + r))
+16a4`(−2Q4 + r3(r − 2M) +Q2r(4M + r)) + a6`(5Q2 + r(21r − 10M))− a7(11Q2 + 10Mr)
ε− 16a3r2ε(−2Q4 + 4Mr2(r −M) + 3Q2r(r + 2M)) + a5ε(21Q4 + 2M(10M − 21r)r2
−Q2r(52M + 43r)) + 16aε(r4(Q4 + 2M(2M − r)r2 −Q2r(4M + r)) + ∆2Σ2)
(90)
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